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1. Introductlon and prellmlnarles

Let X be a - ccmpact Hausdorff space, let p be a
regular normed Berel measure.on X, and let. C(X) be the
Banach -spage: (under uniform norm I £l = | r(x)].) of
all. complex ~valued . contlnuous functions ? on:X. Identify-
ing measure and corresponding integral on C(X) we shall
use the notation w(f) = [ f£(x)an (x). A family 4 =

X

=-{{x o n)rl 4 10" '¢ S} of Sefuences in X is called a
'famlly of” equl—:u —unlformly distributed sequences (1n
German: *”gleichm3331g - glelchvertellt”) if for every
fe C(X) and for every real number e >0 there exists an
integer N(f, ), independent of ¢, such that

(1) 'Iﬁ £(x o) - w ()] $.  for all N 2 N(f,e)

= .
[ =
~

and for all ¢ ¢ 8 (Hlawka Lal) ‘

The question arises as to the poss1ble size of such
a family @, both from the topological and from the measure-
theoretic point of view (section by, ThlS questlon may be
modified by restrlctlng attention to’ sequences of a spec1al
type only such as the tail sequences of a glven v unlform—
1y distributed sequence (section 5,6) or the sequences '
formed by the successive powers of a generator in a compact
monothetic group (section 2,3); In all of’ these modifi-
cations, a common feature of the answers to the above
questions is the following: suchfa‘familyiafwill in general
be in some (topological) sense nowhere dense, it may be
enlarged to one yhich lg in some (toQological);sense closed
and 1f the set of ailksequences in question in some natural
sense is given the.measure 1, then J may have measure
abitrary close.to 1 ’

Before taking up, the subgect in .detail we mentlon two
facts.. whlcb we. shall have .to uge. First, in order to show
that the. sequences of a certaln famlly'?’are equi~- uo-
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uniformly distributed it obviously suffices to establish
(1) for the functions f of a fixed set F < C(X) having
the property that flnite linear combinatlons of elements .
of F are, uniformly dense. in c(X) ([9] § 2, [:11] Satz 4)..
This fact w1ll in the following be referred to as Weyl's .
criterion LT e e e . ,

Secendly we note that 1n,the deflnltion given above,
C(X) may be replaced by the set of all real-valued Borel
measurable functlons f on X having the following property:
for every n.> 0 there exist real-valued continuous
functions f,,f, such-that £,5£°f, and u (f,-f,) Sn
Indeed, we then have - :

1 . ‘ . < 1 N
% _2 fq(xo’n) - w(fy) -n=g n21 fq(xc,n) B
< 1 N < y
—u’(fg) =5 nZ’] fx, p) =ulf) F né folx o n) -
ey
“ulfg) =y L Talxg ) - wlfp) o

(2) Ag L fxy n) -uln)] £

p N
= max “-N: n;q f’l(x R - ulfg) s
Nv
1§ L, falx g n) - w(p)l )

Since n is arbitrary it is indeed possible to choose
N(f, e ) so large that for all N=N(f, e ) the right. hand
member 1s smaller than a given e >0, uniformly in o.
. As a consequence, if /= {(x _ )7 4ioe S} isa
family pfmgqui—_p‘4qn;formly dlstrlbuted sequences, (1)

F:S



will hold for any complex-valued (Borel measurable)
function f whose discontinuities are contained 1n a closed
iw<geroget, in particular for every characteristic
futictidon x, of & subset A of X whose boundary has w -
measure zero ‘and for the product of x , with any function
fe C(X). " = '
A case’ of particular interest, already mentioned, is
the st of'sequences (an);=4-”if'X'is a compact monothetic
group and if' a runs through the generators of X. Here,
because of the one-to-one correspondence between
generators and seguences, the answers to. the questions
referred to above may be given by statements about sets
of generators of X. Since it is both instructive and
convenient, for our later considerations, we shall first
deal with the special case of uniform distribution mod 1
before passing on -to more general situations.
Some~offthéfwesultsﬁof-sections 2 and 3 have been
announced by the authors in a talk given in October 1963
in the colloguium on uniform distribution at the Mathe-

matical Center in Amsterdam.
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2. Uniform distribﬁtiEn mod_1

Let X be the additive group of reals mod 1 and letu:'f
be ordinary :Lebesgue measgure on [0,1 [. It is well known

n=71
mod 1 1ff a 1s irrational. Taking in Weyl's criterion
for F-the set of functions fy(x) = e° " KX

that ‘thé sequence (na) is (u -)uniformly dis’cributed~
(k an integer)
we ‘find that necessary and sufficient for the sequences

(x (ce 8) to be equi-uniformly distributed mod

6,1 )n=1 y
1 1s the existence, for every integer k=1 and for every
real number e > 0O, of an-integer N(k,e ),independent of

o , such that

(3) 14 2 "X o n | 2¢ for all N2N(k, € )

I o~

n=",

and for allo e S. In what follows we shall denote by [a]
the greatest integer in a and by i = a- [a] the residue
of a mod 1. This should not cause confusion with the
further use of brackets when replacing parentheses or
signalling open or close intervals. :
Theorem 1. Let A be a set of irrational numbers such that
the sequences (na)z=1 (aeA) are equi—uniforle distri-
buted mod 1. Then the et of residues mod 1,A ={a: ae A}
is nowhere dense in [0,1][ .

Proof. Assume the contrary. Then we can find an integer
k21 such that the set kA is dense in [0,1 [(mod 1). Given
any integer N21 and any real number 6 (0 < 6 <1) we can
therefore find a number a ¢ A such that kae [0, % [(moda 1)
and, a forteriori, nkae [0, §[ for 1=n=N, Thus, for these

n, if & has been chosen small enough, eQTTlnka is close

e27r1nka |, in contradiction to

to 1 and so isg [j- 5
N n=-
(3).

Corollary 1.1. Let a2 be irrational. Then the sequences
)

(nma);;1 (m=1,2,...
mod 1.
Corollary 1.2. The familv of all sequences (na);=1

&

are not equi-uniformly distributed




(a 1rratlonal),iefnot-the union of countably many families
of mod A equ1 unlformly dlstrlbuted sequences. »

A
Corollary 1. 3 Let A and A be as in theorem 1 Then A has

outer Lebesgue measure smaller than_j._

Theorem 2. Let 5(0 < 6<1) be glven; Then there exists a
closed nowhere dense set A of 1rrat10na1 numbers 1n [O 1[
such that _ (A) > 1 6 and such that . the sequenoes

(na) 1 (a c A) are equ1 unlformly dlstrlbuted 'mod 1 .
Proof For every 1nteger k 1 we choose a real number Cy > ©
in such a way that

w{xefo,1 [ | 2T <o } 2 S

gk
L= lxe [0 | 2T a2 o) and 1
A= N A.. Then A is closed, consists of irrational
k=/‘ [
numbers only, and we have (A) - —% =1-6,

k="1
Furthermore, lOP any k 1 and for any a € A we have

2 1\23 eeninkal_j_‘e”Nkaﬂl; 2
N n2g : N 2 mika -1 Nok
Thus, by, Weyl's criterion, the sequences (na) ‘.(a € A)

are equ1 uniZormly distributed mod 1 and A is nowhere
dense by theorem 1.



.3, Uniform distribution 1n compact monothetlc grougs

. Let X be a compact group whlch - as-a topologlcalhf.
“‘gpdce, 1 Hausdorff and let u be normed Haar measure on
X, The group X 1s called monothetic if.there is at least
.’one element a € X (called "generator'") such that the
-ﬁsequence (a ) is everywhere dense in X (van Dantzig [1]
cf. [] Eﬂ II £9). As a consequence, a compact morio-
thetic group 1s abellan If a is a generator (and only ‘in
"=
is any W -uniformly distributed

© this case), the sequence (a is w-uniformly distri-
buted [2] . If \Xn)nzq
sequence in X, then the sequences (:ny)(y € X) are equi-

u -uniformly distributed [9] . We denote by A the closure
of a subset A of X. In the rest of this section, we shall

omit explicit refcrence to Haar measure n in statements -

concerning uniform distribution. : o
Theorem 3, Let A be a set of generators of X such that'ﬁhe
sequences (an)§=1 (a € A) are equi-uniformly distributed.

Then also the sequences (an);_o___,I (a € B) are equi-uniform-
ly distributed,

Proof., Let f € C(X) and ¢ > O be given. Suppose we have

P
=
p
=a
~12
Hy
Pt
W
i
~—
i
=
—~
Fh
S
A

e for all N:N(f, ¢ )

and for all a €A, Then, since £(x") is a continuous
function of x for every n, (") also holds for all ae A,
We ncte tnat theorem 3 yields another proof of
theorem 1 which m2y be regerded as a corollary of theorem
3. Indeed, if A sctisfies the hyvpotheses of theorem 1 and
if A contained an open interval, then B would have to
contain rational numbers which certainly are no generators.
We may generallize the statement of theorem 71 in the
following form:
Theorem 4., Let X be not totally disconnected and let A be
a set of generators of X such that the sequences (an);;1
(a € A) are equi-uniformly distributed. Then A is nowhere

&



dense B
| Proof By PontrJagln's duallty theorem ([16] theorem 46
R[8]/theorem 24 26) there ex1sts a continuous character a
of X such that d(X) ={a(x):x e X} is the entlre 01rcle__
group T. By theorem 3, without loss of generallty we may .
assume. A to be closed., If A contalned an open subset of X
the d(A) would have to contaln an open 1nterval 1n T s1nce
d is an open mapplng on X onto T. On the other hand 81nce
d is a continuous homomorphism, d(A) would have to consist
of generators of T only, a contradlctlon -
Corollary‘A,j Suppose that X 1s connected and a is a

generator:of'X Then the sequences ((a ) ) q (m=1,2, )
are unlformly distributed but not equi- unlformly dlStPl—i
| buted. . _
Proof. Slnce X is connected 1ff its dual group 1s tors1on—
free ( [16 ] theorem 46, [8] theorem 24, 25)' we have d(a™) =
= d (a) % 1 for every non trivial character d of X and
for every integer m= 21, Thus, am is a generator of X ([8]
theorem 25,11). The second assertlonvfollows from theorem

s

4 since the sequence (am)mzq_isieverywhére‘dense in X. .

We note that, by theoremru,.the second assertion of
Corollary 4.1 even holds if X is'not totally'disconnected>
but in this case a™ need not any more be a generator for _
every m32 For convenience of notatlon we shall denote the
set of all generators of X by G.

Corollary 4 2. Suppose that X is connected and satlsfles

~the second aXlom of countablllty. Then the famlly of all

sequences (a ) (a‘s G) is not the union of countably

/]
many famllles of equl~-uniformly dlstrlbuted sequences

Proof, Under the stated hypothese, G is a set of flrst

category in X r3] . [8] 25.27).
Corollary 4 3 Let X and A be as in theorem 4 Then,
w(B) < 1. |

Proof. If (A) = 1 then E would have to be_everyWhere

dense in X 51nce every open =<t has positive Haar measure.

&



o, IE X 1s totally disconnected, the assertion of “theorem
4 may fall to hold In fact the sequences (a” ) (a € G)
will be equl unlformly dlstrlbuted (see theorem 5 below)
and G may be _open (see example follow1ng corollary 5.1
below) In order to show this we first establish an
uaux1liary result We note ‘that, in the absence of the
second ax1om of countablllty, Zorn's lemma 1s used in the
iproof , _
Lemma 1, Let d be a contlnuous character of X having the
property that aX) = T, Then, for every irrational number
, o there ex1sts a generator a e G such that d(a) = e “la
Proof Let D = {dAM:A 3 A}be a complete system of different
contlnuous characters of X let dO be the trivial character
_(d B 1), and let dq = d, Since X is monothetic there is
at least one generator b € G. Suppose d (b) = 21 By
(s 0 = 1) By assumption (dq(X)—T), 8 d is irrational. Let
T, be the topological direct product T = Ty (T =T
.for all A e d ). It is well known that the7ma€ping @ X > RX=
= (d (x))A L e T 1s a topological 1somorph1sm of X on-
to a closed subgroup X = ¢(X) of T . In fact, X is the
closure (with respect to the product topology in T ) of
" the sequence (b ) < TA (The notation is chosen for
technical reasons and should not be confused with the
notation for residues mod 1 in sectlon 2).
. We now choose a maximal system of exponents B
linearly 1ndependent over the field of rational numbers
and 1nclud1ng B,=1and @,. We denote by Di={d prd A e n'}
the correspondlng subsystem of D We now define an element
a of TA in the following way first we choose arbltrarlly
a set of real numbers oy (are av), llnearly in-
dependent over the field of rational numbers and 1nclud1ng
o= and Gq‘ o {(this may even be done by changlng at«l
most two of the numbers A') Then we define o, forif
Ae ANA by wrltlng bx as a flnlte linear combination -of

BM "s with rational coefflclents and replacing every g



9

by ©o,,. Now we put & = (e2 TLEA Yyen €T g
IF Ul Agyein,h s eh=tke (e2" LEx)
2 mlg) 2n 1ak
e k. ki<€

T

ren & ta

k 1,...,m} is an arbitrary

o ""'
l

nelghbourhood of a in T then we can find an 1nteger n

A 4
(not necessarlly p051t1ve) such that B e Uu(a; Agoseeeshy $E).

Indeed because of our constructlon of o, for any lattlce
h, 8

N 0 (mod 1)
1 i

-

H h”JB

point (hAk)kzﬂ’ the. congruence \
k.

implies § h, 4y = 0 (mod 1),
k=1 -k .k R
Thus, by Kronecker's theorem ([12] VII § 2) the simultane-
ous inequalltles
In 8,y - oy | <n {(mod 1) (k=1,...,m)
o k k. o o
have a common integral'Solution n for any choiCe of
a=n(e). Thus & belongs to the group X and therefore
there exists an element a ¢ X such that & e ¢(a).

ByIOUr construction N will be an infegerllf and only
if B 1is an integer. Since b was a generator of X, this is
the case if and only if A =0. Thus, d (a) % 1 for all

X # 0 and a is a generator of X ([8] theorem 25.,11).
Theorem 5. The sequences (a' )m -1 (a e G) are equi- unlform—
ly distributed if and only if X is totally dlsconnected
Proof. We apply Weyl's criterion, taklng in place of F a’
complete system D of different continuous characters of X.
If X is totally disoonnected; thenvd(X)'is finite for
every d ¢ D. For every a e G and for every'non trivial
character d e D, we therefore have | d(a)-1]= >rO;
where Cq only depends on d. Thus, for every non_@rivialx,
character d, we obtain

. 1 N n
(5) © tg I a@M)]-=
. ] n="1,
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and for all a e G. ,

If X is ﬁot‘totally aisconnected, then there is a
character d ‘e D such that 4(X):= T. If the sequences
(an)°° 1. (a eG) were equi-uniformly distributed, then, by
theorem 3, we would have G = G. In consequence, by lemma
1, we would have d(G) T, Thls, however, is 1mp0331b1e
gince e2 1o Jls not a generator of T for rational o .
Corolléry'S;ﬂ. G 1sdclqsed 1f and only if X is totally
disconnected, ) “ _ _
Proof If X is totally dlsconnected the assertion follows

from theorem 5 and theorem 3 If X is not totally dis-

connected, the same reasoning applies as in the second
part of the proof of theorem 5. '
Corollary 5.1 may.of course also be proved without
any reference to equi-uniformly distributed sequences; As
a consequence of-lemma 1, G can .certainly not be openA »
unless X 1s totally disconnected. If, however, this is the
case, then G may well be:.open as aiready demonstrated by

any finite group with the discrete topology. Below we shall ..

exhibit a compact totally disconnected monothetic group X

containing infinitely many elements and having an open set B

of generators. This, in connection with theorem 5, shows
that we cannot omit the hypothesis of X not being totally
disconnected in theorem U4, ,

Let T; be the topological direct product of count-
ably many copies of T, Let a ¢ Too be defined by

21 1.2 T\

a = (e )k=1 and define X to be the closure of the

sequence (an);=1 in Too . Then X 1s a compact monothetlc

2 miby.2 7K

group. Consider an element b = (e e X

k)

o
(bk integers, 1§bk§2 with the property that b1=1, Since

b may be approximated arbitrarily close by elements of the
form a (nkﬂ), for every glven m21 the system of simultane-

ous congruences

&
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n ~-bk (mod oK ) (k=1,...,m)

has’ a solutlon n > O which has to be an odd 1nteger There-

fore, there exists an integer n' > 0 such that

k
)

12 n'by (mod.27)  (k=1,...,m)

and a may be approximated”arbitrarily closely'by elements
of the form bn'. Thus, b is a generator and: we have

2 Wlbk 2"

G —{ b=(e =1} . This set G, however, is

_)k 1* Pyq
obv1ously an open subset of X of Haar measure %u

~ The follow1ng theorem establlshes a generallzatlon
of fheorem 2 which we, however, shall use in the proof.
We note that, if X satisfies the. second axiom of count-
ability, G is a G—set and thus a Borel set ([8] 25.27).
Theorem 6. Suppose that X satisfies the second axiom of

countablllty and let ¢ (O < e <1) be given. Then there is

a closed nowhere dense subset Q of G such that u (Q)>u(G)-
- & and such that the sequences (an)°;=1 (a ¢ Q) are equi-
unlformly distributed. - , i L
Proof, Let D = {d,: k=0,7, 2,...} be a complete system of
dlfferent contlnuous characters of X and let D' be the
subset of D consisting of those characters 4 for which
d(Xx) = T(D' is empty iff X is totally dlsconnected) We
observe that A denoting normed Haar measure on T, for
every d ¢ D' and for every Borel set .B <« T, we have (B) =
= M (dnq(B)) (This may be seen e.g. by defining a Borel
measure X on T by this equation and checking that it has
all the properties characterizing Haar measure on T). For

every character d, € D' we may choose by theorem 2 a

closed subsget Ak gf T having the property that the sequen-
ces (dk(an))g;q (a,(a) e A,) are equi-} -uniformly dis-
tributed in T and such that A(A.) > 1 - = .
Qq = rz o k (A ) if D' is not empty aﬁd Q=X if D
is emp%y Then 1J(Q1) > 1 - ¢ and, putting Q@ = @, " G, we

We put

have u(Q)>u (G)
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Suppose now that a ¢ Q is chosen arbitrarily and that
d, ¢ D is any non- tr1v1a1 character Irf dk(X) = T, then

k(a) € A and

=

=
- L

6 I3 21 INCONIENE A N CYRIIE

n

for alliNéN(dL'C', £)

and for allaeQ, If dk(X):is finite, then d,(a) # 1 since
a 1s.a generator and .(6) holds by the reasoning used in
the proof of (5). Thus, by Weyl's crlterlon, the sequen-
ces (a )n 1 (a e Q) are equi-uniformly distributed in X.
By theorem 3 we may replace Q by its closure which will
then have the propertles asserted in theorem 6,

We remark that, wnlle no assumption of connectedness
is necessary in the hypothe51s, theorem 6 is 1nterest1ng
only in the non-totally dlsconhected case in v1ew of
theorem 5. _ ,
COrollafy 6 1 Suppose that X is connected and satisfies

the second axiom of countability. Then, for every given
(O~<e <1) there 1s a closed nowhere dense subset A of
X Such that u (A) > 1- ¢ and such that the sequences.,

(an):'1 (a & A) are equi- uniformly distributed.
Proof. Under the mentioned hypotheses we have y (@) = ,
([3],'cf 8" 25.27). An application of theorem 6 completes

the proof.

i
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Y- Uniform: distrlbutlon in compact Hausdorff spaces

3 Let X be any compact Hausdorff space and let H be{i_

any regular normed Borel measure on X. Every sequence j
(Xn)n 1. X may be regarded as an element of ‘the ;‘““

topologlcal dlrect product space X of countably many
COpleS of X, We denote byCM the closure of a subseté% of
X, 1in the product topology The theorems stated in the
previous sectlons have rather close analoga also in the N
present context ‘
Theorem 7. Suppose that ¢ = {.Q;e Xé : o &S} is a
family of equi-uniformly distributed sequences. Then so

is 4.

Proof Let £ ¢ C¢(X) and € >0 be given. By assumption, we

have

. . |
(7) - 'I'Nq— Y f(x - u ()] € e for all NEN(f, e )

and for all ¢ ¢ 5. Let & =‘(th;=1 be an arbitrary element
f £(x,). Then Fy is a

n=",
continuous function on X . Thus, for Eeaﬁz we ~conclude

from (7) that also

b= JRN

of X and define FN( £) =

.J;%, N Plx,) -ow (r)| Se for all N2N(f,e) .
=1 o , o

This proves the assertion,. _ ,
Theorem 8. Suppose that X contains at least two points
and,that»ﬁ'is a family of equi-u ~uniformly distributed.
sequences, Then 7 is nowhere-denge in X. _
Proof . Assume the contrary. Because of theorem 7 we may
assume that(9'1s closed and therefore contains an.open. - .
subsetlﬂ_ostL If X satisfies the second axiom of count-
ability; -then,  via Baire’s-categoryvtheorem,ithisvcontra;l
dicts the well, known fact that the set of all w -uniform-:
ly distributed sequences in X is of first category in X .

&
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If X does not. satlsfy the ‘second: axiom of countabll-

ity we may argue the follow1ng LENAS W1thout loss of w
generallty we may assume thataﬂ is of the form U = Tr U
where U is an open subset of X for all nZ1 and n=1
U, = ’X“for all n—-N1 “Let V and W be open subsets of X with
dlSJOlnt closures Let f be a Urysohn function on X (i e.
£ e CXX) and 02 f(x) 1 for all x € X) such that f(x) =

for all x €V and f(x) 0 for all X e W. Let N= 3N be

given. Because of our assumption d’contains sequences
n= (yn)n 1 e?/l and ¢ =(z ) 4 €U with the following

properties: y é V- for N, < nsN and z,.¢ W for N, < nsN,

xlv AN

1 1 1 o
We conclude.ﬁ- 2 f(y ) 3 and g n§1 f(zn) = 3 Since;

N was arbltrary, this contradicts our assumption that &
1s a family of equi- p-uniformly distributed sequences,

If X satisfies the second axiom: of countability,
then, as mentioned above, the set of all p~uniformly
dlstrlbuted gequences in X 1s of first category in X
Thls could suggest the idea that, in contrast to corollary
1.2 and 4.2, the set of all 1;—un1formly distributed
sequences might well be the coun“able union‘of'fami;ies‘Of
equi- p ~uniformly distributed sequences., A closer inspéth
ion, however, shows that this still will not be the case
in general. Indeed, if X is a compact COnnectedﬂabelian
group satisfying the second axiom of‘countabiiity (and
a forteriori monothetic,[87] 25.14) ‘and if 18 norméd
Haar measure on X““then“thé;sét”ofyaii M —unlformly*dls—“'"

noo
)n 1

(a ¢ @), This setw-however,'cannot be spllt 1nto’°?
the union of countably many families of equ1+11 unlformly -

(a
distributed sequences by corollary 4.2,

- In order to state an analogon of corollary 4. 1 (cf
[7] theorem 2) wé rec¢all that the shift transformatlon
P in X_ is defined by P( = (yn)n 1, where
In™n+1 (1En i),

F3

n)n 1
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Corollary ©.1. Suppose that X contains at ieasf two ﬁoints.

Suppose furthermore that. EeX 1is v -uniformly distributed
in X and that, for some subsequence (mk)k 4 of the posi-
tive integers,  the seéquence (p 3 )k 4 1s dense in some
open subset of X . Then the sequences P ka (k=1,2,...)
are u ~uniformly distributed but not equi- y ~uniformly
distributed. ' ‘

Corollary 8.2. Let X and & be as in theorem 8 and suppose
that X is the support of u ., Then u_ ( j;) < 1.

Proof. Under the mentioned hypothe51s, the support of u_

is X . Ifcf'had u -measure 1, then Z/would coincide with
X_,1in contradiction to theorem 8,

The following theorem and its proof are essentially
due to E. Hlawka ([9] § 6) who has stated them for the
cagse of a compact group.

Theorem 9. Suppose that X satisfies the second axiom of
countability and let §(0 <6 <1) be given. Then there
exists a closed fam1lyw?'of equl-y -uniformly distributed

sequences such that w (&) > 1 - ¢,

Proof, In order to be able to apply Weyl's criterion we
first note that because of the second axiom of countability
there exists a countable set F = {f,: k=1,2,...} < C(X)

as described in section 1. Given any k%1 we again define

Fk,N € C(X“) for & = (Xn)n=1 by
( . IZ\I (x,)
F £ ) == fo(x_).
I, N N 4, "k'n

It is a well known consequence of the individual ergodic
theorem ( [5],[9] 8 6,[11]) that
Lim Fop (&) = p(f,)

for wu_-almost a?i £ eX . Therefore, by Egoroff's theorea
( [u] § 21 A), there exists a neasurable subset ?}cOf X,

of measure u (g ) = 1 - J%- such that the functions Fy
converge uniformly on Oﬁk for N> =,

&



Taking “3% = ) ,g;;we'obtain u ( 3;)’%:1 ~-§. Further-

k= . » . :
more, for gveryQKQﬂﬁand for every given €> O, we have

(e )l Se for all NEN(f,,e )

il 12

; 1 , \
and for .all. g::(xnkgﬁqle.ﬁz =:ZZ, An application of
rtion, o

Weylt's criterion leads to the asse

o
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5, Almost well distributed sequences "

Let X be a compact Hausdorff space and let u be a
regular normed Borel measure on X. As in the preceedlng
section we denote by P the shift transforuation in'the in-

finite product space X A sequence £eX  1is called H -

well distributed if the sequences P'E€ (m=1,2,...) are
equi- M -uniformly distributed (Hlawka [9], Petersen [15]).
While under the assumption of the second axiom of count-
ability wu_  -almost every sequence is u -uniformly distri-
buted ([ﬂﬂj), u ~alwost no sequence'iS‘u -well distributed
if u is not a point-ueasure ([7] corollary 2.1). We shall
now apply the results of the preceedlng gection .to some
questions connected with the concept of good distributlon

Theorem 10. Suppose that the sequence &aIX is p -well

distributed. Then so is every sequence in the closure of
the set & = {p"¢ : m=1,2,... }.

Proof.By theorem 7, Z’is a family of eqq}—11—uniformly
distributed sequences If n belongs to 57, then so does
P" n for every m=1. ' R

As an illustration in the case of uniform distribution

mod 1 we note that if a 1is i{pational and if ¢- is the se-.

quencev(na) (mod 1), then 7 is the family of all se-
quences (na+b)m (moa 1)(k>e{:0 10y,
We shall call a sequence £ eX almost uw -well distri-

<]

buted if there ex1sts an 1nf1n1te subsequence (m; )k=1 of -

the non- negatlve 1ntegers ‘such that the seéquences
pKg (k=1,2,...) are equi- u-uniforuly distributed. If we
want to refer to this particular subsequence we shall call
£ almost w-well distributed (m )k 1-
definition 1mp11es that an alwost m -well dlstrlbuted se-
quence is u-uniforuly dlstrlbuted - ‘
Theorem 11. Suppose that & eXm is almost w-well dis-
tributed (mk);;q ' | | e
is also aliiost wuw-well distributed (mk+h)k=1°

and let h be'any;positive integer. Then ¢

Note that the very -



(SIS
Proof. For any given f egQ(X);an@mfpywanyrg > O we have

, "mk+N”' : s :
]%, L f(x,) -w (£)] 2£e  for all N2N(f,e )
‘n=mkf1 ‘

and .for all k=21. We conclude -
m, +h+N

) f(x. ) - (£) 1
n=mk+h+1 o ;

Zla

1)

mk+N+h . m

% | ! f(x

n=m, +N+1 ' n=m, +1

A

sy L e(x) - ow(e)] =

< 2h § +e £2¢ for all NZmax(N(f, e ), 22;%£1L')
and for all k21, .
Corollary 11.1. Let & and h be as in ﬁhebrem 11. Then the
sequences Pmk+m£ (Im|%h, x=1,2,...) are equi-u-uniformly
distributed. . ' _ |
Proof, By theorem 11, for every fixed m, the sequences
Pmk+m£ (k=1,2,...) are equi- u -uniformly distributed.
Taking the union of these finitely many families of se-

quences, we again obtain a family of equi—li—uniformly dis-
tributed sequences.
Corollary . 11.2. Suppose that £eX 1is almost p -well dis-

tributed (mk);;1 and that the differences (mk+1—mk) are
bounded. Then ¢ is p-well distributed,

Proof. Put m =0, let h = ?ﬁé (mk+1—mk) and apply corol-
lary 11.1. B
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, If.we compare these statements with the results of the
previoug sectidns,~we;may»r¢gard’corollary 11.1 as some
.. sort of analogon to theorem‘37aﬁd theorem 7. In fact, it
_ asserts fhat;5restricting attention to the‘subSeQuence ng
of a given W -uniformly distributed sequence ¢ ; everymk
family of equi- ¥ -uniformly distributed subsequences P &
(k=1,2,...) may be enlarged by an operation similar to
taking the closure, referring, however, not to a topology
but to the concept of relative density of a set of integers.
In this sense, corollary 11.2 appears to be an analogon to
theorem 4 and theorem 8 if we state it in the following
form: Suppose that £ € X_ ismnot U -well distributed and
suppose that the sequences p kg (k=1,2,...) are equi-u
uniformly distributed. Then the sequence of integers
(mk)giq is not relatively dense (i.e. it ig not possible
to find a positive integer h such that every interval of
length h contains at least one integer mk).

The following theorem again stems from a remark of E,
Hlawka ([9] last paragraph; the statements "jede Folge"
and "offene Menge" in the passage referred to are
erroneous). In the context just mentioned, it establishes
an analogon to theorem 6 and theorem 9, )
Theorem 12, Suppose that X satisfies the second axiom of

countability. Then pw—almost every sequence g.ex; is
almost w-well distributed. In particular, b, ~almost
every sequence ¢&&X_ has the following property: given any

00

§ (0 <6 <1) there exists a subsequence (mk)k=1 of the non-

negative integers of asymptotic density greater than 1 -6
such that & is almost u -well distributed (mk);=1°

Proof. By theorem 9 we can find a sequence of families 9}
of equili- W ~uniformly distributed sequences such that

b (75) 2 1 -31. (3=1,2,...). We note that P is a u_ -
measure preserving ergodic transformation in X _ [5].

By the individual ergodic theorem, there is a subset ?%
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of X such that um (;7 ) = 1 and such that for.every ¢ e ;73.
the sequence of exponents . for which P E € 3’ has
asymptotlc densﬂ:y . 3’ ). Taking 7 = ﬂ g we _obtain
1 (;7) ’l ‘and every €é;7' has the propell’ﬁs; stated in the
theorem i S :
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6. Almost well, weakly well, and completely uniformly
 distributed sequences S

Let; as in section 5, X be. a compact Hausdorff space
and let u be ebregular normed Borel measure on X. In view
“of theorem 12 we are led to'eonsider the: folloWing classes
of sequences in X and to ask for the set- theoretlc and
measure- theoretlc relationships between thems:

U ~{€ e)( Lt & 1s puniformly dlstrlbuted}°
W ={e e X : ¢ is-almost u-well distributed}. B
a3@1~ié €X. : for every §(0 <6< 1) there exists a sub-

seguence (m of the non-negative integers

1k .
~of "asymptotic density greater than 1-6 such
that & is almost u-well distributed (mk)k qt-
k k 1 of the,L%’ N
non-negative integers of asymptotlc dens1ty -

1 such that & is almost u-well dlstrlbuted
(m>

720 = ﬂ;eix : & is w-well: distributed} .

Obv1ouslv we have % :(/ZE?ZII:)(/‘LuQ1 :;clwza 3?20 Furthermore,
if the second axiom of countablllty 1s satlsfled we have
u, (0(220) = 1 by theorem 12 and u_ @) = 0 if is not a

point measure by - [7]corollary 2.1, In what follows we.

Wﬂmg =f€é§%ﬁ there exists a subsequence (m

shall show that, under these hypotheses and 1n the presence
of u—well dlstrlbuted sequences, each of the above_lnclu—
sions is strict and 1J@WW ) = 0. ’ ’

In this conte £t 1t seems approprlate also to clarify
the relatlons between the properties of a sequence geX
to be almost u—well distributed, weakly u-well distributed
in the sense of Hlawka [40] and completely w-uniformly
distributed in the sense of Korobov [13]. We shall thefe—
fore elsb consider the following“ciaSSes of sequences in X:
W2 = {geX _: & is weakly u-well distributed, i.e. fofvevery

fe C(X) we have
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lim lim sup ; 7 | 3 y f(xn)—p(f);lo;= 01}.
N+= R +w n=rN-+1
t‘im {é eX | & is completely u-unlformly dlstrlbuted i.e.
) , the sequenoe (ng) is u_ -uniformly dlstrlbut-
"ed in X1

Agaln, it is well known and easy to see that we have
o EY and MD?M:M Furthermore, if the second axiom of
countability is satisfied, wé have u_(€W) = 1 (replacing .
in the corresponding stateément about uniformly distributed
sequences X by X_-and ¥ by w_ ), u_ @W#)= 1 by [10] Satz 2
(ef. theorem 16), and CUnM= @ by [7] theorem 2 if u is
not a point measure. Thus, um—almOSt every sequence geX
is at the same time almost u-well distributed (even in
the sense ofCﬂaw ), weakly u-well distributed, and comple-
tely u~un1formly distributed. We shall show that, in fact,
f%ndﬁw = ¢ if u is not a point measure, thus establishing
u QKZQZ)Q 0, and that, in the presence of y-well distribut-
ed sequences, all inclusions in the chain W >7Us¥> 3% are
strict. In particular, we havemw:mg butiWWp7d Part
of the proofs will be carried out by explicitly construct-
ing sequences that are of one type but not of the other.

Let us note again that, in the definition of weakly
p-well distributed sequences, we can replace ﬁ(X) by the
larger class of functions described at the end of section
1. In fact, if teX_ is weakly p-well distributed and if
£, fq, f2 are real-valued Borel measurable functions
(f e C(X), j=1,2) satisfying f_S$f5f. and u(f--f ) £

e’;.
17772 2’
then we can choose N(f,e) so large that for all N>N(f s)

we have
a Ri I (P-E])N ) l ce L7 ed
1im sup = r.(x )-u(f ) £3% (j=1,2).
R>o Bplo Nppyem 3700003 ho AT

By (2) we conclude
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o 2T T f ) -wie
“lim sup = f(x )-u(f) =
R +o BopooN popyer 0

.(r+1)N‘

. 2 . . R"‘/‘ <
< 1 1 z f.(X )—p(f.)l+"=€.
= } limsupz } = _ Jon J

qu R + =0 N n=r +1

ThlS proves our assertlon

We now proceed with the detailed. exp051t10n of the
Statements outllned above. The proof ,of the follow1ng
theorem is, Wlth some slight modifications, the same as
the proof of theorem 2 in E?] ‘We shall, however, repro-
duce it here for the convenience of the reader,
Theorem 13, Suppose That u 1s not a point measure and
suppose that& (x ) e»X is completely u—unlformly
dlstrlbuted Then g 1s not almost u-well distributed with
respect to any subsequence (mk)k 1 of the non-negative

integers of asymptotlc den51ty 1.

Proof. Assume the oontrary and letﬁv = (mk)£’1 be a sub-
Sequence of the non-negative 1ntegers of asymptotic den-
sity 1 such that 5 is almost u—well distributed (mk)k q°
Since u 1s not oonoentrated 1n one point we ecan find an
open set AcX such that O<u(A) <1. Without loss of general-
ity we may assume that the boundary o; A has H-measure ' «
zero. Let N>1 be given and let A, TIA Ap where An = A for
12n2N and A = X for m > N. Then A is open in X and its
boundary has ‘o-measure zero. Furthermore, we have

0] <;%(A ) <1, Since the sequence‘(PmE)gzq is by assumption
u_-uniformly distributed in X_ and, since?/ has asymptotic
den51ty 1 so 1s the sequenoe (P k&)k q° Therefore, there

ex1sts a p051t1ve 1nteger k(N) such that P k(N)Ee A,
Hence,_for every choice of N21, we have

1mk(N)+N . C
) xp(x ) = u(A) =1 - u(a)> o.
n:mk(N)+1

= B
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Thls, however, contradlcts our assumption that g is almost
p-well distributed (m )
Corollary 13.1. Suppose that X satisfies the second axiom
of countablllty and that u is not a p01nt measure. Then
wn,) = 0. ‘ o
Proof. Under the mentioned hypothe51s, we have w, (€W =
- The statement then follows from theorem 13
Corollary 13 2 Suppose that X satisfies the second ax1om
of countablllty and that u 1s not a point measure Then

o0, 200, - N o
Proof The statement follows from theorem 12 and corollaryp
1% .1, ' |
Theorem 14, Suppose that X contalns at least two p01nts
and that there eX1sts a pu-well dlstrlbuted Sequence. Then
there also exists a sequence EeX s constructed explloltely
below, whlch is not u-well distributed but almost u—well
distributed (m k)k 4 Where (mk)k 4 nas asymptotlc den51ty 1
Consequently we havemawggzw _ i ’
Proof. Suppose that the sequence n = (yk)k 4
distributed and let aeX belong to the support of u. We
then choose a p01nt b%a in X and construct a sequence

is u—well

*(xnﬁh qe X_ by induction as follows: Let xq—b If
1"°°’Xh (h 1 an’ 1nteger) have already been deflned such
as to comﬁrlse ali elements Y, with k £ h'-h(2h-1), then
let xn <n = h +4h3+6h ) be the next 4h5+6h consecutive

Ve 's and let x ,=b for h4+4h3+6h < ns (h+1)

Obv1ously, due to the increasing stretches of b! s
which certainly do not cover the support of u, the sequence
£ 18 not piwell distributed. If we allow m to run through
all integers satisfying h% £ m< n¥te4nd (h=1,2,...), then
it is easy to see that this subsequence 7 of the positive
integers has asymptotic density 1. We shall now show that
the corresponding sequences ng (me M) are equi-u-uniform-
ly distributed. o '

To this purpose, let feC(X) (f£0) and e > O be given

FS
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and suppose. that. -

m-+N

Z' £(y,) -u(f)

n—m+1

% ~ for all NZN(f,e)

[~

= B

and for all m=1;2; ‘It w1ll suffice to show that

m+N _
Loof(x,) - ()]

n=n+1

A

(8) | ¢ for all NZN(f,e )

= B

and for all me%” which are greater than @he fourth power
of some fixed integer H=H(f,e). In fact, we choose this

integer H in sueh a way that A«QH+1 4Hﬂ1 and 6H —N(f,e).
6H +4H+1
For a fixed me77, m2H , let us denote by N' the number of

elements Xoin (12nsN) chosen from the sequence n and by

Z,f(x ) the sum over these elements. For all N=N(f,a)
we have N ZN(f, ) because of h4 S m< h4+4h3 and 6h° 2
6 2 N(f,e¢). Thus we obtain

1 m+N. | N' 1 . N-N‘;"
N n=£+4f(xn) = 5§y L fx) w T £(b) =
- el - N L e(e ) + e (n)
and |
© 12 T re) cu (o) 121D Tr) - (0)]+ 2M W e
L % ) - | = X ) - + M.
P y g y i
R A

Because of our construction of & and of the restriction
imposed .on.m we have = v )

N-N' oo Anpd 4H}1 g

= £
N 6h2+4h+4 6% +4H}4 unﬂr'

This, in connection with (9), proves (8).

&
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In order to establish the 1nolu51onmww3mzw we again
need a lemma.
Lemma 2. Let?ﬂ be a subsequence of the non- negatlve
————-,—p,-,—u——
1ntegers’of asymptot;c density 1 and let N be given,
Then the subeequenceéﬁi= {r: rNemd of the non—negatlve
integers also has asymptotic density 1.
Proof. For any integer M21 we define

v(#LM) = A

(for other sequences, the“édﬁnting function v is defined_
D v R :
analoguously). Suppose 11m inf —ﬁg&dl =1-26 (6> O), _
‘ R > ® ' e TR
contrary to the. assertion. We then have S
v (M, BN) v (®R,R) + (N-1)R = - for every R1

and therefore

V@I,RN) _ _ 1 YR,R) N-A a6y o N2 - L
RN . C N ’R'_'+N<N(;15)+ =1

for infinitely many R, in contradiction to our assumption.
Theorem 15, Suppose that the Sequence £= (x )w e X 1is
almost w-well distributed (m ) and M= (mk)k=1 has asymp-
totic density 1. Then & is weakly n-well distributed.
Consequently, we havemﬁmbmm@y

Proof. Let f & C(X) and &> 0 be given and let

Y a1
N ~m+1f X ) -u(f)} s - for all NEN(f,e)
and for all me 7. Fix any NZN(f,e) and let R ={r 2 0:rNe7n}.
Furthermore, let®' be the subsequence of the non- negatlve
integers, complementary toé% Then we have - - B

- ‘ﬁ zib;f(xn>fe9(f)l_§ € . for all red
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and ag = 2||f]| for all r20, Sinced? has asymptotic density

1 by 1émma 2, R' has asymptotic,density 0. We conclude

v;]-R"/l a A ¢y a + a. ) €
r< R r<R

< 3% + M’R),erI{; 2¢ for all RéRO;'

lim sup = ) a. .. =2+ - for all N2N(f,e¢)

and, since € was arbitrary,

fe- R=1 4 (r+1)N :
lim lim sup = I ) f(xn)-u(f)l = 0..:

N+e R » e r=0 n=rN+1 ' o A

For Ehe case of a compact group X with normed Haar .
measure ., the T«llowing theorem has been proved by Hlawka
( [10]satz 2). In order to obtain an even sharper statement,
the proof given there actually makesiuée of ‘group theo-
retic concepts. We shall therefore give another proof here
which makes use of ergodic theory and is'valid also in the
more general situation considered in this section (the
possibility of this approach has also’already been mention-
ed by Hlawka). .
Theorem 16. Sypposs that X satisfies the second axiom of

countability. Then p_-almost all sequences ¢ e X are weakly
u-well distributed. o N

Proof. We note that Weyl's criterion holds qu'weakly u-well
distributed sequences Jjust as well. We therefore choose a
countable subset F = {fk: k=1,2,...} ¢ C(X) as described in
section 1 and fix a function f:fke;F (££0). We. then define

€C(X_) for ¢ = (x ® by

the function F

N



28

[
HE

b}
i o~z
N

ity o= 12 NI
FN(a) = le £(x)-u(f)
Since u_-almost all. ge)% are p—uniformly‘distribuﬁed;

we have lim FN(i) = 0 for u, -almost all geX
N+oo : i

Let the integer j21 be given. By Egoroff s theorem
([4] 521 A) + here exists a subset &. of X-“such-that
um(ag) >1- ~—ﬁ§ﬂ and such that thleunctlons FN converge
to zero uniformly on &.. Let N(j) be chosen in such a way
that B (g) = —% for all N2N(j) and for all geaéy We fix
an 1nteger N= N(J) By the individual ergodlc theorem,
applied to the measure preserving transformation PN in X,
for all & in some subset (f,j,N)e X of u_-measure 1,
we have prNge:?i for all r20 except for a subsequence
(rp)pg
smaller than TITEY “f“ . Fo? every such ¢ ~-(xn)n::,,G-»T»,‘l(f,J,N)

of the non negative 1ntegers of- ‘asymptotic density

we obtain

_ d R-1 (r+)N
lim sup ¢ ) Y f(xn)-u(f)l =
R > ™ r=0 n=rN+1 -

2

ARy
=.lim. sup.= ¥ Py (p ) 3
R>e Hpig N
R R-1
Lo 1-070 rN 1 e :
= limsup (3 VY F (p ¢) + = Tooif]) =
R » o R r=0 N R =0
rNge?/. PPNgeﬁ"'
, ond o J.
< Lf | 1

For every te [ J(£,5,N) we therefore have.

L 4<R;1:'1 (r+1)N ‘ L
lim sup » y l.l-\I- ) f(x )—u(f)[ <

for ali”N%Nﬁj)
n=rN+1 . ' ' -

A
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and for every £e #(f) = 3 N 7(f,3,N) we have
J=1 N=N(J)
1 R-1 % (r+4)N : FERES
(10) lim 1lim sup = = = ) f(xn)—p(f)‘ = 0.
N*w R >~ r=0 = n=rN+1 o

Taklng i = f\?(f ) we flnally have u (1) 1 and' by

Weyl s orlterlon; (10) holds for all feC(X) and for all
~(Xn)n= « 7.

Corollary 16.1, Suppose that X satisfies the second axiom

of countability and that w is not a pointfmeesure° Then
am7zw;cmaw
Proof. The statement follows from theorem 16 and corollary
1%.1. o

In view of the inclusionsﬂo&wammz,theorem' 14 furnish-"-
es an example of a sequence which is weakly u-well distri-
buted but not uewell dlstrlbuted Our last two theorems
will be concerned with constructions of sequences belong-
ing to the (differences of) classes%ﬁ\@ﬁ@uiMﬂ@and MmN
(owo u) respectively’,
Lemma, 5. Let A be closed subset of X with u-zZero boundary
and-such that w(A)=o 20.: If the sequence &= (Xn)n=1 is

u—uniformly (resp u-well). distributed in X, then the sub-. . -

sequence n _.gnA = (y ) 1, conS1st1ng of all elements of
¢ lying in A, -p~un1formly (resp 1u—well) dlstrlbuted
in A, considered as a compact Hausdorff space 1n the rela-
tive topology. ' '
Procf. Since every continuous complex-valued function on -
A is of the form.fyAf(fi-C(X)j by Tietze's extension theo-
rem, we have to show that

1 ¥ 1
(11) %if | 5. k2 fxp (v,) - qulfx )| =0, for all fecC(X),

resp. that
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4 MmN 4 .
lim | 5 Y fo(yk) - a-u(fo)] = 0 for all feC(X)
N Ak~m+1 a T

uniformly in m= O 1 2
Let f e C(X) be given and suppose first that ¢ is
u—unlformly dlstrlbuted 1n X For every glven 1nteger N21

we deflne N to be the smallest 1nteger hav1ng the property

N'
that § XA(X ) = N
n_.

Thus, WenhavefN3&N~andr'

‘..—J

N ﬁ' n

ZIA
Il 2
<
e
]
—”
it
-

From the identity

li§f.(?i(£)l4igﬂi“§ﬁ (% )-u(£x.)

we then deduce (11).
Suppose next that ¢ is u-well distributed. For every
integer m=20 we now Qefine m' as the smallest 1nteger haV1ng

m'
the property that. § - X (x J=m+1, and N(m) as the smallest
n=1 - n.o m'+N(m)

1nteger hav1ng the property that Z XA(X ) = N Thus,h.:‘a

‘n=m 1

we have N(m) N Furthprmore, by the same reasoning as above,.

if N is greater than a fixed 1nteger N » .independent of m,
then —ﬁr-j is close to 1 and the dlfference

m+\ Sl b e e gt ey ;;:}
Z fXA(yk ZU(fXA) = }}‘PN(m) \ng)n gn'_k,] fXA(X )=
‘P(fXA)l

is close to 0, uhifbrmly iﬁ‘m=0;1;é;,..’This*provesrthe
assertion. L
Theorem 17. Suppose that u is not a point measure and that

there exists a p-uniformly distributed sequence. Then

&
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there also exists a sequence £ ¢ X s, constructed explicitely
below, which is p-uniformly distributed but not aimost
u~-well distributed and not weakly u-well distributed,
Consequentyly' we have w;mazo and U 270 2.

Proof. Let ‘A be ‘a closed subset of X with u-zero boundary
and such that 0< u(A);-a<1 (our hypothesis on y implies

the existence of such a set A). Furthermore, let B be the
closure of the complement of A. Then also B has y-zero
boundary and we have u(f) = u(fXA) + u(fxB) for every
feC(X). By lemma 3 there ex1sts a seguence n _(yk)k p
which is o H- uniformly distributed in A and a sequence

L= (zl)l 1 Whlch is ;i~u—un1formly distributed in B. We
construct the sequence ¢ =(x )n p by induction as follows:
Let X4=Z4, Xp=Zge If XgseeesX p ;(héﬂ)-have already been
chosen such as to comprise certgin initia1'Segments of the

sequences n and ¢, then let X h soeesX o  Dbe the
dense 2(2)+4 : '*2( )2 [he] g

next 2[ 'ho] consecutive yk s and let x

o .'n, R

2(2)+2[hQ]+1

Xg(h+4) be the next 2h- 2[hu] consecutive z; 's not yet
> .

incorporated into the sequence & to be construcfed
We first show that the sequence g constructed in this
way is p-uniformly distributed in X. Let fecCc(X) and e >0
be given. For a given integer N22 we determine the 1nteger
h in such a way that 2(2)‘N 2\ﬂ;1) Furthermore, we define
(resp.. N ) to be the‘number of ¥, 's (resp. z, 's) ocurrlng
among the flrst 2( ) X 's. Thus, we have Ny ~Ny+N —2( ) and

4 N 3
N —21 f(Xn>—p(f) =

{NV 1 T ey ) due >H§L 1 ’l}u <£ >} .
P N'" - X o T LX T
Nyptly 5 7k e AN o A

{N_..Z..._ % XAf(Zl>_:|_/I-_CL~u(fXB)}+[NZr °’|ja j“ (fXB)}+

vz
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N
1
N'[ _Nz +1f(xn? z (NiNYZ}U(f)] ’
y H
here ) and Z denote the sums over the yk s and‘zl's,
respectiVely, occurrlng among the flrst Ny n's, and the

third term dl‘”ré”**s for N+Nyz, In v1ew of 1im N =

E N>
= 1lim NZ = ® wWe obtaln, for all sufflelently large N,
N-—>oo
|"§' ey S 1N e
U CRIETC IR R P N IE
= v . vz .
+ e 34 — ———-1 Illfll + -—-Hfll
yz :

Ev1dently, for sufflclently large N, the last term becomes
smaller than e. Furthermore, we have o s

N

¥ 2[@] +2.[2 al+2 [3&]+ +2[(h 1 Yo
Ny T 2.7 +2 2 +2.3  +...+2.(h~1)"
o N
Therefore, we conclude lim‘ﬁzw =aand, by a similar
N No» “yz
reasoning, lim ﬁé— = 1-o. Thus, we obtain
N> yz L
= £(x ) -u(f) | <be.
N n=1" n o .

for all sufficiently large N. : . ‘
We next show that & is not almost p-well distributed. v
In order %o do this, for every given Integer m2?2 we;éstimate~

m+N .
the difference l1 Y X (X )-a| from below for suitably
N n=m+1 A ;

chosen integers N. We distinguish four cases, dependlng
on the choice of m. B :

1) 2( )im‘<2( )+[hu] We choose N—E( )+2[ha]—m Then
we have N >[hcﬂ and R
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Jcﬁz Z jﬁx) jag_q a>0.
T ~m+1
| ) h+1
2) 2(2)+[h@] Sme2(; )+2[h@ We choose N=2(', )-m. Then
we have N:!>2h- 2[h o) and _
1 m+N < O j - ha1 < s}
- X ) £ max o - = < <a .
—-g’l-i-/] A( n) ’]éjéh 2h-2 LhOL]-FJ Qh- hao 2,
Therefore, we obtain
m+N
1 a. - - d-qa
”"2” (X) e 2a- = Za.—> O,
N —m+ A ‘ . ?'u 2-a
; ' h+1, _
3) 2(2) -2 [ho]Sm < 2(, )+h+[mﬂ We choose N=2(" )-m.

Then' we have N>11 Dﬂﬂ and

SR Y %, (%) ma] =a > 0.
N nem+1 Avn® . 7 :

h+1

BTy 5 )+2 [(h+12] -m.

4) 2(h)+h+[hoc]5m<2( R We choose N=2(
Then we have N>2 Rh+1)u] and

1 ™N » _2[(n#1)e]
N _£+1 A(X ) - [ha]+2[(h+1)a]

For large h the right member is close to 1iz'>a. As a
consequence, for larger h we obtain

1 z 1 o o 1-g ‘
= X, (X Jma | 2 = (252 2g) = 2225 0,
N e+ A n 2 *M-a 2 1+a
. . d-o o d-a
Choosing now £= min (a,g_a, 5 1+u), we see that,

given any pOS1t1ve 1nteger N > for every integer m which
is larger fthan a certaln constant M depending on N we
can flnd an 1nteger N ~N such that

'm+Nh’h _
(x_) ~a{.%>$,
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It is therefore not possible to select an infini@e
increasing sequencesof 1ntegers m, in such a way that
the sequence P E (£~1 2,...) are equi-u-uniformly distri-
buted. Thus, £ is not.almost'thell'distributed.
Finally we show that the sequence & .is not weakly

u-well distributed. In fact, we shall prove that, for

every fixed- Integer N24, '
1 R§4| r§4)N

lim = = X, (x )-a] = 2a(1-a),
Roe & p20 Npopyeq ATTD
To this purpose it will ruffice to show the following:

. . 2
Given any integer h22, let (XPN+13000,X(P+1)N) (rh 1<r Sp )
be those blocks of N consecutive elements of & that have
some overlap with the block of 2 [he] consecutive elements
Ve and 2h-2 (ha] consecutive elements Zy > but no overlap
with the following block of 2[(h+1)a ] consecutive elements
Ve and 2(h+1)-2[(h+" )o] consecutive elements 2, in the .

Same sequence g. Thern

T
1IN F g
. 1(r+
lin g T 137 T (x )-el = 2a(dea),
h+® “h "h-1 r:rh_1+4 n=rN+1 , - ;
grh,ﬁ: e . 5
(We note that g%-1érh—rh_1é~§+1, From this follows
lim (r -r .) =« and - ‘
h-1
he o
Il
o e ) E T (k) =

hs» "h "h-1 r=ri _4+1 a n=rN+1

S R \r+’HN' '.
== 1lim — 2 '}\" 2 )" Ocl )
R+«»“. = = rN+4

Now, if h is sufrf wcveﬂtLy laLPe, for approx1mately giﬁﬁl

2
@t least —wﬁﬁw -2)values of r (r he A<r T ) ‘the dlfference dp,

(r+1)N |
(vn)—ai will have the value 14a, while for

,Nn~rN+1

&
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approximately:. _E_glﬂﬁl (at least —EwglﬁiL -2) values of

r (rh 1 rﬂr i thls value will be o and for at most two
values:.of - r, d Wlll be different from o and 1-qo but
bounded:above by 25 Thus we obta1n SIS

o 4 (o) x
1lm I' ' z ) l N’ : E XA(X ) ’ =
~hoe:ThiT e r-rh 4% +1: n=rN+1
1im g 2[1’10&:](’1 o) + (2h 2[1’1&] o = 2a(1-a).
. h—)oo N : )

This completes the proofi

In the mod 1 case, a less abstract example of a |
Sequence enjoying the properties mentioned in theorem 17
(haVing also served as a model for the oonstruction
carried out in the proof) is furnished by the sequence
(0, 09;, ; ;,O,i i 2,0 5,.“)° Sequences of thls type
have been considered in [14] in connection with ‘the re-
arrangement of arbitrary sequences, everywhere dense mod 1,
to mod 1 uniformly distributed sequences. , o
Theorem 18. Suppose that p is not a point measnre and that

there ex1sts a u—well dlstrlbuued sequence. Then: there. :

also. ex1°ts an almost u-well but not weakly u~well distri+

buted sequence weXm,constructed expllcltely below, with
the follow1ng property 1f2& ( l k 1 1s any 1nf1n1te sub-'
sequence of the non= negatlve 1nte¢ers such that w 1s -
almost u—well dlstrlbuted ( k k 4 thenfﬂ has asymptotlc
density O Consequently we havedwﬂif)ld?ﬂ andﬁ?Mﬁ;D 6’12’20
Proof. As in the pfooJ of theorem 17, let A be a closed
subset of X with u-zero ooundawy and such that O<u(A)~a<1
and let B be the closure of the complement of A. Let

E= (Xk)k 1 be a seguence which is u~well dlstrlbuted 1n X,
let n= (yl)l 4 be% wrwell dlstrlbuted in A and let c (z )
be ;~—u-well dlstrlbuted in B (ef. lemma 3). We construct
the sequence w~(un)n=1 by induction as follows: Let u1=x1,
Iif ug,o,.,uh4 (h&1) have already been chosen such as to
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comprige certain initial segments of the sequences &; 7 -

and C,ilgt.uh4+1$9,,;uh4;6h2+1_be:the_next 6h2+1;90n% 5

secutive x 's, and let Uptp6nRyps s s ooty )4 consist of

the 2h2+2 consecutive blocks of 2h elements each (referred)

to in the following as'yz-blocks'), which in turn consist

of the next 2[hq] consgcutivé-yi's and, immediately follow-

ing, the next 2h-2 [ha] consecutive zm'g not ‘yet incorpor-

ated into the sequence w to be constructed.
We‘Shall.firstighﬂwwthatnthe.séquehce w is almost

u-well distributed (hu);:1° To this purpose, given any

f ¢C(X) and any € >0, we choose Nq such that, uniformly-

in h=1,2,..., ‘

ChaN

k=%+1f(xk)-u(f)].§€

TN

- h+N ; e
(L T mm(exy)

A

e"; “ for all'NéNq."‘

= B

h+N .
ngfqvf(zm)fli(fxB)l s

= B

Furthermore, we choose ‘the integer H such that min(2[Ha],

2H-2 [Ha]) 2 N, and such that max ( ih Jﬂgﬂ“—1!,|h- ho )
1 e 6h2+’l “ha P h(1-a)

= ¢ for all h2H. Let now‘h;H and .N=N, be given. We define
it v ' ;. . : )
Nk to be the ~umber of Xk $ among the elemgnp§suh4+1,..,,.

uh4+N° Furthermoreg'conside? the,yz-blocks;cqmpletely
covered by these elements and let N_ and N, be the number - .
of the yl's an&'zﬁ?s‘COntained in all_of‘these yz-blocks,
respeqtlvelyf We sgt NyZ:Ny+NZ and Nu=N—NX—Ny-NZ,

Then we have

ntay

1 et Lo -
T gt =1Lt -ue) ] -

ke

g

=

T
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" %Z-{gz ) f<y1>-f;u<fo>}[%—-—Q}u(fxp)} +
LN yz Y LY e T yz _ .
yz yz
E

[Zﬂu )N u<f>}

Here, tbe"§umS X’)Jizu.p ) are extended over the.corres-
' X y Z '
ponding Nx’Ny’Nz elements Xk’yl’zm respectively. The

second and third member disappear if N*<6h2+1+2h; the
fourth member also may disappeér and contains a sum .Z
N , ' u
over N tail elements where N, (if positive) is less
than the number of elements in the unfinished yz-block.

Taking absolute values, because of N2N, and 6h2+1%min(2[hi],

_ 1
2h-2 [ha]) 2 N, we obtain
1 h4+N : Nx
- - £ =
‘N 24 f(un) p(f)] & TR
. n=h +1 -
: N 2 N
o SR s W B
z vz

+
=
=[x
N
oA,
I
N
[}
-+
g
.
=z
o
N
'
N
=Y
\.—-:,—tw
+

+
ml
no
=Y
I

N_
$e +l—ﬁ*--— Aq el +] (, W =1l +elel]

V’Z

Let the 1nueger 121 be chosen such that (h+i- 1)4<h4+N

(b+1) . We then have
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N 2h(2h +2) o+ 2(h=1) (2 (h+1)? +2)+ 42 (h+i-1).3

vz |
ﬁy} 2[ha](2h2+2) b 2[(h)a] (2(0+1)252) 5 +2[(hri-1)a]
N, =2(h-[ne ) (2n%s2) 42 (n#1-[ (ne1) 1) (2 (0+4)%42) 4. .+

+2(h+i-1-[(h+i-1)a]) . ]

and therefore
ocdpe]l  [(hei-1)e] vz [h l [(h+i-1)a]
min( AR e o, ES yz max( R e ).

By our ch01ce of h2H we conclude l—ﬁl- -1 e and, analog—

vz
OUS1Vs i‘"“%jr** £ e, Thus we obtain
5 24 gf(un) f}u(f)l S e+ 3e|f]|l for all NZN,
n=h +71 S A

and for all h2H. This proves that w is almost u-well
distributed (hq) '

Suppose next that the subsequence%ﬁﬂ(mk); 1 of the
non-negative 1ntegers has positive upper as%mptotlc
density. We shall show that the sequences P k, (k=1,2,...)
cannot be equi- u—unlformly dlstrlbuted Consider the set
of p081t1ve 1ntegers’7 —{n h4 6(h- 1) <h4+6h2 for some
h= 1 325... ). Since 7 has” asymptotle density zero, infinitely
many mke7ﬂ must lie outside of 7 and therefore satisfy
the inequality

_ h4+6h2+1 émmklé (h+1)4—6h2;1 (h21 an integer)
It follows that the element U 41 belongs to some yz- N
block of length 2h and, since 5 +4h <(h+4) the elements
U in (12n=4h) cover at least one complete yz-block of

length 2h. Since this happens for infinitely many k, by
the same reasoning as in the proof of theorem 17, the

o
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Sequences p Ky (k=1,2,...) cannot be equi-u-uniformly
distributed. | | | e

- -Finally, since the elementsvxk form a subsequence:
of asymptotic density O in w, by the same reasoning as

in the proof of theorem 17 we find that

lim = Xy (U )=a | = 2a(1-a).
- R R r=0 - N n=rN+1 A n C

for all N21, Thus, the sequence y cannot be weakly u-well
distributed. This completes the proof.

The preceding discussion still leaves some open
questions concerning the remaining possible inclusions
between the classes ﬁfm‘an‘dﬂtw,; on the one hand and 79%% - on
the other hand. Apart from these we mention one particular
question to which we do not know the answer: Suppose that
X satisfies the second axiom of coUntability, Does there
always exist a u-well distributed sequence?
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